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Abstract 

The function G(x) = (1 — lnx/ln(l + x)) xlnx has been considered by 
Alzer, Qi and Guo. We prove that G' is completely monotonic by finding 
an integral representation of the holomorphic extension of G to the cut 
plane. A main difficulty is caused by the fact that G' is not a Stieltjes 
function. 
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1 Introduction and results 

In a recent paper [1] , Alzer proved a number of inequalities involving the volume 
of the unit ball in R™, 

n n = — — , n = i,2, .... (i) 

r(l + n/2)' ' ' v ; 



*Both authors acknowledge support by grant fO-083122 from The Danish Council for Inde- 
pendent Research | Natural Sciences. 
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That paper contains many references to earlier results about fi n . We men- 
tion in particular that Anderson and Qiu [2] proved that the sequence f(n) = 
Qi/( nl °g"-)^ n > 2 is strictly decreasing and converges to e -1 / 2 . It is therefore of 
interest to study the function 



7T 



x/2 \ V(x^x) 



and in [9] the authors have given an integral representation of log f(x + 1), x > 
by considering its holomorphic extension to the cut plane A = C\ (— oo, 0]. From 
this representation it has been possible to deduce that f(n + 2) is a Hausdorff 
moment sequence, in particular decreasing and convex. 

The papers j2] and [3] have also been an inspiration for several papers about 
the functions 

. , In T(x + 1) 
F a (x) = — /, / , x > 0, a > 0, 3 

see P , [7] , [8] , [9] , [ID] , [H] • In particular, [9] contains an integral representation of 
the meromorphic extension of F a to A. From this representation it is possible to 
deduce that F a is a Pick function if and only if a > 1. The relation between F a 
and / is given by 



In \A" 1 ( z + 1 

Alzer found the best constants a*, b* such that for all n > 2 

exp ( f ) < f(n)/f(n + 1) < exp ( & * ) . (4) 
In the proof of this result Alzer considered the function 

G M 1 -RT^)) lln *' (5) 

and in [TJ Lemma 2.3] it was proved that 2/3 < G(x) < 1 for x > 3. Qi and Guo 
observed in [TT] that G is strictly increasing on (0, oo) with G((0, oo)) = (— oo, 1) 
and that G(3) > 2/3, which gave a new proof of the inequality 2/3 < G(x) < 1. 
Furthermore, in fTTJ Remark 4] it was conjectured that 

(-l) k - 1 G {k \x)>0 for x>0,jfe = l,2,..., (6) 

or equivalently that G' is a completely monotonic function. 

The main goal of this paper is to prove this conjecture. We do this by con- 
sidering G as a holomorphic function in the cut plane A. We put 
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where Log z = \n\z\ +i Arg z is the principal logarithm in A and — 7r < Arg z < n 
for z G A. 

Using the same Cauchy integral formula technique as in the paper [9], we shall 
establish the following theorem. 



Theorem 1.1 The function G from ((7J) has the representation 

Pit) 



G{z) = 1 



where 



o z + t 

t ln((l-f)/t 2 ) 



dt, z e A, 



P(t) 



if < t < 1, 
TW — ; - . «/Kt<oo. 



ln(l-t) ' 
t(ln((t-l)/t))2 



(8) 



(9) 



Notice that p(l~) = p(l + ) = —1 so that p is continuous on the positive half- 
line. It is decreasing from oo to —1 on the interval (0,1) with p'(l~) = — 1, 
and increasing from —1 to on the interval (l,oo) with p'(l + ) = oo. We have 
p((\/5 — l)/2) = 0. Notice also that p is integrable over (0, oo) because of the 
asymptotics 



p(t) ~ -2 hit for t ->■ + ; p(t) 
The graph of p is shown in Figure [TJ 



t(lnt) 1 



for t — > oo. 
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Figure 1: The graph of p 



Since p assumes positive and negative values, G as well as 1 — G are not 
Stieltjes functions, but nevertheless 1—G turns our to be completely monotonic, 
because it is the Laplace transform of a positive function, as described in the 
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following theorem. In particular, G' is completely monotonic so (|6]) holds. For 
properties about completely monotonic functions and Stieltjes functions we refer 
to El and H31. 



Theorem 1.2 For §lz > the function 1 — G has the representation 

POO 

l-G(z) = / e-"tp(s)ds, (10) 
Jo 



where 



cp{s) = I e st p(t) dt > for s> 0. 
'o 



The graph of p> is given in Figure [2j 
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(11) 
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Figure 2: The graph of ip 



The function ip given in ( ITTj) is continuous and bounded on [0, oo), but it is 
not integrable because 1 — G(x) — > oo for x — > + . 
Setting z = a + it in (HU|) with a > we get: 

Corollary 1.3 (i) For each a > 

;>oo 

1-G(a + it) = / e- its e- as ip{s) ds, teR (12) 
Jo 

is an analytic positive definite function of t, and it is the Fourier transform of 

e- a V(s)l [0 ,oo)(s). (13) 

(ii) G(a + it) — G(a) is a continuous negative definite function oft for each 
a > 0. In particular 

&G(a + it) >G(a), a>0,tGt. (14) 
(Hi) G(a + it) is a continuous negative definite function oft for a > 1. 
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Concerning continuous positive and negative definite functions we refer to e.g. 

i- 

Letting a — > + in ([12]) . we formally get that 1 — G(it) is the Fourier transform 
of (p(s)l[o )0 o){s) ■ This is true in the L 2 -sense because of Plancherel's theorem. In 
fact, we have 

Proposition 1.4 The function (p in (11 II) is square integrable and 

r°° dt r°° dt r°° 

lim / \l - G{a + it)\ 2 — = / |1-G(^)| 2 — = / </{s) ds. (15) 

a^V+J-oo 27r J-oo 27T J 

The function G is one-to-one when considered on the positive real line. It is 
shown below that G is conformal when defined in a sector containing the positive 
real line. We put 

S(a, b) = {z ^ | a < Arg z < b}. 

Proposition 1.5 The function G : S(— 7r/3, 7r/3) — > C is a conformal mapping. 

Based on computer experiments it seems that G is conformal in the right half 
plane, but we have not been able to verify this. On the other hand, G : A — > C 
is not conformal. 

2 Proof of the properties of G 

In the first lemma the behaviour of G close to zero and infinity is investigated. 
Lemma 2.1 We have 

(i) There exist constants A,B>0 such that 

\G(z)\ < A\ Log^l + B\ Log^l 2 for z E A, \z\ < 1/2, 

(ii) zG{z) — > for z = ee ie , e — Y 0, uniformly for —n < 9 < n. 
(Hi) There exists a constant C > such that 

|1 - G(z)\ < C/\z\ for zeA, \z\ > e, 

(iv) G{z) — » 1 for z = Re 10 , R — > oo, uniformly for — n < 9 < it. 
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Proof. We have for z G A 

z 



G(z) 



hence for \z\ < 1/2 



Log(l + z) 



(Log(l + z) Log z - (Log z) 2 ) , 



< max 


Z 


( Log zl max 


Log(l + z) 


\z\<l/2 


V NI<l/2 



which shows (i). 

(ii) follows from (i) since z{Logz) n — > for n > 1 and |z| = £ — )■ 0. 
To see (iii), we note that the power series (in 1/z) 

i 1 



Log(i + i/,) = ^(-ir i — , \ z \>i 



n=l 



yields 



oo 

Log(i + i/^)i<^i/|zr = R - T <— \ z \> 

n=l 



e. 



The power series also yields 



with 



Log(l + z) 



-1 



Log(l + z) 



we find for z E A,\z\ > e 



1111 
< < < 



Finally, since 



Log(l + z)\ - In |1 + z\ ~ \n(\z\ - 1) ~ ln(e - 1)' 



Logz 



(16) 



zLog(l + 1/z) = 1 + a(z)/z, \a(z)\ < 2 ^_ l y \A > e- (17) 

Note also that | Logz| > 1 for z E A, \z\ > e. 
Writing 

Log ~ l + 0(z)Log(l + l/*), 



(18) 



G(z) = (*Log(l + lA)) LQg(1 ° +z) = (1 + + Log(l + 1/*)), 

we see that 

z(G(z) - 1) = + f3(z)zLog(l + 1/z) + a(z)/3(z) Log(l + 1/z), 
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which by ([IT]) and (1TB]) is bounded by some constant C > for |z| > e, showing 
(iii). Property (iv) follows immediately from (iii). □ 

Proof of Theorem 11.11 For fixed z G A we choose e and i? such that 
< e < \z\ < R and consider the positively oriented contour j(e,R) in A 
consisting of the half-circle z = ee ld , 9 E [— f , f ] and the half-lines z = x±ie, x < 
until they cut the circle \z\ = R, which closes the contour at the points —R(e)±is, 
where < R(s) — > R for e — > 0. By Cauchy's integral theorem we have 

G{z) = ±-I ^dw. (19) 

Letting e tend to zero, the contribution corresponding to the half-circle with 
radius e tends to by (ii) of Lemma 12.11 

Concerning the boundary behaviour of G on the negative real line we obtain 

( 1 -T^)^( ln H)+^), if -Kt<0. 

Note that G(t + iO) is continuous at t = — 1 with value —m. Using that G(z) = 
G(z), (U9]) yields 

1 r G(Re i0 ) oJB JO , 1 f° SSGQt + iO) 



G(t+i0) := lim G(t+is) 

£->0+ 



In the last integral we replace t by —t and use that (— l/7r)Q : G'(— t + iO) = —p(t). 
Letting R — > oo and using (iv) of Lemma [2.11 we finally get fl8j)- □ 

Remark 2.2 Feng Qi has kindly informed us about the following elementary 
proof of the observation that 1 — G is not a Stieltjes function. In fact, if it were, 
then also h(x) = l/(x(l — G(x)) would be a Stieltjes function by the Stieltjes- 
Reuter-Ito Theorem, cf. [12], [1] or [3 p. 25]. In particular, h will be decreasing, 
which is contradicted by the simple fact that 1 = h(l) < h(2) = 1.02 

Proof of Theorem 11.21 The formulas ( ITU]) and (fTTl) follow immediately from 
Theorem 11.11 and it remains to prove that cp is positive. Let t = (a/5 — l)/2. 
Then p(t) > for < t < t Q and p(t) < for to < t < oo and hence 

rto poo 

A= pit) dt>0, B = pit) dt < 0. (21) 
Jo Jt 

Using this notation we get 

-to 



rto poo 

<p(s) = / e~ st p(t)dt+ / e- st p(t)dt 
Jo Jt 

rto roo 

> / e- sto p(t) dt+ e- sto p(t) dt=(A + B)e 



to 
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In the following lemma it is established that A + B > 0, and hence ip(s) > for 
all s > 0. □ 



Lemma 2.3 



Proof. We first establish 



Since 



POO 

/ p(t) dt > 0. 
Jo 



pit) dt> — --. 

o 6 2 



(22) 



n=0 



(l + t) x da; 



(1 + t) x 

In(l+t)J ln(l + t) 



we obtain the power series expansion 
t 



i + f>n* n , \t\<l; b n = £(^jdx. 



(23) 



ln(l + 1) 

The numbers b n are sometimes called the Cauchy numbers. Note that for n > 1 



< (-lf-^ : 

By 023]) we get 

p(t) dt 



1 x(l-x)---(n-l-x) , 1 Z" 1 , 1 

- ax < — / xdx= — . 

n\ n J 2n 



1 />i °° pi 

--2/ lntrft + 2^(-l)"- 1 6 n / t n lntrft 

2 Jo n=1 Jo 

-2^(-l)"- 1 n 



(24) 



n=l 



(n + iy 



and hence using 



p{t) dt > 



2 ^n(n + l) 2_ 2 ^n + l\n n + l) 

n=l v ' n=l x ' 



3 
2 

2 + ^ (n + l) 2 ~ ~Q ~ 2" 

n=l v 7 



We next show that 



! , , , 1 2(l + ln2)ln2 
p(t) cit > -— - - 



12 
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(25) 
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by using the rough estimate 



J p{t)dt>-^J^ t{ln{l-l/t)) 2 dt 



and 

r-2 



J t(ln(l - l/t)fdt = J (t(ln(t-l)) 2 + t(lnt) 2 -2tln(t-l)lnt) dt. 

The integral of the first two terms can be calculated because 

J t(lnt) 2 rft = ^(lnt) 2 -lnt+0, 

and for the integral of the third term we have 

2 J t\n{t - 1) \ntdt = ^t 2 lnt -h 2 + ^\\n(t - 1) - h 2 \nt+h 2 

3 

-tlnt+ -t + dilog(t), 

where 

... , . f hi , 

dilogm = / ax. 

Ji 1 -x 



Since 

diiog( 2 ) = - [ l H1 + u) du = -y /Vir— ** = --, 

Jo u ^J V } n+1 12' 



this leads to the expression in (|25|) . 
We finally show 

y 2 p(t)dt>~. 

Squaring the power series for ln(l — u) yields 



(26) 



(Ni -«»■ = «' I>". H<ii ^ = g ( t + 1)( „ + 1 _ t) - < 27 > 

fc 
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The relation < c n < 1 for all n is proved in Lemma 12.51 below. Therefore, and 
using (|27|) with u = 1/t it follows that 

POO POO 00 

y -y E t » +1((ln(i _" 1))2+ ^* 



> - 



n=0 

dt 



E- 



o t^J (ln(t-l))2 + ^ 
(it 

(t-l)((ln(*-l)) 2 + 7r 2 ) 
1 Z 100 dx 1 



7T J Q 1 + X 2 2' 

Combining (f22]h (125) and (j25} we get 

, , , 7T 2 1 1 2(1 + In2)hi2 1 

pit) dt> o 0.3238 > 

yy ' 6 2 12 7t 2 2 

and the lemma is proved. □ 

Remark 2.4 A numerical computation yields 



POO 

cp(0) = / p [t)dt ~ 0.5192. 
Jo 



Lemma 2.5 T7ie numbers 

n 

^ '(Jfe + l)(n + 1 - Jfe) 



fc=0 

can be written in the form 

c 



1 

c« = >^ -r, w TT , n > 

f-^ fjfe + l (n + 1 



n + 2 



where "H n = X)fc=i ^/k is the n 'th harmonic number. Moreover, 

C -C - 2 (Hn-l) 

n - X n (n+l)(n + 2) " ' 
whence 1 = Co = ci > C2 > C3 . . . . 
Proof. By definition we have 

n /"l /•! /•! /•! T n+1 _ ? .n+l 

V / x k dx y n - k dy= / ^ dx dy 

,_ n JO Jo Jo Jo X ~ V 



k=0 



1 / x ~n+l _ yn+l \ 

I / dy ) dx 

'0 Vio x-y J 

pi pi 1 +n+l 91/ 

2 / x" +1 dx / i^^dt = ^±i. 
Jo io l-< ^ + 2 
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Using this formula we find 

c n -i ~c n = . — ^ — r ((n + 2)-H n - (n + - " ' ^" ' 



(n+l)(n + 2) vv y " v y ™ (n + l)(n + 2) 
which proves the lemma. □ 

Proof of Corollary 11.31 It is well-known that if F(t) is a continuous positive 
definite function on R, then -F(O) — F(t) is continuous and negative definite, and 
a continuous negative definite function H{t) satisfies $tH(t) > H(0) > 0, see [B]. 
Therefore (ii) follows from (i), and (iii) follows from (ii) because G(a) > for 
a > 1. □ 

Proof of Proposition 11.41 By (i) and (iii) of Lemma 12.11 it is clear that 

|l_ G (zt)| 2 — <oo 
2n 

and that dominated convergence can be applied to yield the first equality in ( fT5l) . 
By Plancherel's theorem 1 — G(it) must be the Fourier transform of a square 
integrable function, which is the L 2 -limit of (fl3"j) . hence equal to (p(s)l[o i00 )(s). 
□ 

Before proving Proposition 11.51 we give Lemma 12.61 
Lemma 2.6 For z G S(0,n/3) we have ^sG'(z) < 0. 
Proof. From the relation (jSj) it follows that 

r°° r ens -I- t 

ZG'(re i6 ) = -2r sin / + , dt. (28) 

J {(r cos U + t) 2 + [r sm 6 ) z ) z 

We claim that for fixed r > and 6* e [0, 7r/3] the function 

r cos + t 
W = ((rcos# + t) 2 + (rsin0) 2 ) 2 

is decreasing. Indeed, it follows that 

(r sin6») 2 - 3(rcos6> + t) 2 



k'(t) 



((r cos 9 + t) 2 + (r sin l 



m3 



and the numerator is negative for all t > because sin 2 # < 3 cos 2 # for E 
[0,tt/3]. 

This implies 



r cos 6* + t 



, . — p (t)dt= k(t)p(t)dt + k(t)p(t)dt 
((rcosV + t) 2 + (rsm6) 2 ) 2 J J tQ 

(rto roo ^ 

J p(t)dt + J p(t)dt 
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where to — (V5 — l)/2- From Lemma 12.31 it follows that the integral above is 
positive. From (128]) we now obtain that 

f°° r rns R 4- t 

%G'(re ie ) = -2r sin R / Tt 9 / . m9N9 p(t) d< < 0. 

This proves the lemma. □ 
Proof of Proposition 11.51 From (jSJ) it follows that 



Here t i— >• 1 / ( (a; + 1) 2 + ) is a decreasing function of t and it follows as in Lemma 
12.61 that QG(x + «?/) > for x > and ?/ > and also QG(a; + iy) < for 
x > and y < 0. Hence it is enough to show that G is one-to-one in the sector 
£(0,71-/3). ' 

For 24 and z 2 belonging to the sector 5(0, 7r/3) we have 

G{z 2 ) - G(zi) = / G'(w)dw, 

where 7(2:1, -z 2 ) is the straight line segment from z\ to z 2 . Thus 

G(z 2 ) - G(zx) = (z 2 - z x ) [ G'(zi + t{z 2 - z x )) dt ^ 0, 

J 

when z\ 7^ z 2 since SsG'(w) < for u> G £7(0, 7r/3) by Lemma 12.61 This shows 
that G is one-to-one in £7(0, 7r/3). □ 
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